Abstract. Weak local residual (WLR) detects the smoothness of numerical solutions to conservation laws. In this paper we consider balance laws with a source term, the shallow water equations (SWE). WLR is used as the refinement indicator in an adaptive finite volume method for solving SWE. This is the first study in implementing WLR into an adaptive finite volume method used to solve the SWE, where the adaptivity is with respect to its mesh or computational grids. We limit our presentation to one-dimensional domain. Numerical simulations show the effectiveness of WLR as the refinement indicator in the adaptive method.
Introduction
Weak local residuals as smoothness indicators for conservation laws were proposed by Karni, Kurganov, and Petrova [4, 5] . In their work the weak local residual (WLR) was called the weak local truncation error. In the present paper we follow the term "weak local residual" used by Kurganov et al. [1, 6] , as this is more appropriate by definition.
Even though the corresponding theory is so far available only for scalar conservation laws, WLR as a smoothness indicator was also valid for systems of conservation laws [4, 5] and even for systems of balance laws [7] . The order of accuracy of WLR in a rough region is lower than the order of accuracy in a smooth region [2, 4, 5] . Therefore WLR is able to detect the smoothness of solutions.
The ability of detecting the smoothness of solutions makes the WLR a good candidate as the indicator in an adaptive numerical method to solve balance laws. So far, WLR has been implemented in adaptive numerical methods for gas dynamics [2, 4, 5, 6] . WLR has also been implemented in an adaptive numerical method for the shallow water equations (SWE) [1] , but the adaptivity was with respect to artificial viscosity.
In this paper we implement WLR as the refinement indicator in an adaptive finite volume method used to solve the SWE. This work is the first study in implementing WLR into the adaptive finite volume method used to solve the SWE, where the adaptivity is with respect to its mesh or computational grids. We consider one-dimensional problems of water flows. We follow the frame work presented by Constantin and Kurganov [2] to compute the WLR, as it gives a simple and cheap computation of WLR. Note that an approach different from WLR is available for solving SWE adaptively, such as using the Winslow's monitor function [3] instead of WLR. However, in this paper we shall limit our presentation to WLR to solve the SWE adaptively. This paper is organised as follows. Section 2 recalls WLR formulations for conservation laws. The WLR as the refinement indicator is implemented in an adaptive method in Section 3. Finally Section 4 draws some concluding remarks.
Weak Local Residuals of Conservation Laws
This section recalls the formulation of WLR based on the work of Constantin and Kurganov [2] . We use the following conventions for our notations: x is a onedimesional space variable, t is the time variable, q is a conserved quantity, f is a flux function, and q 0 is an arbitrary function defined for an initial condition.
Consider the scalar conservation laws
on −∞ < x < ∞, with the initial condition q(x, t) = q 0 (x) at t = 0. The weak form of this initial value problem is
where T (x, t) is an arbitrary test function. Now we recall the strategy of Karni and Kurganov [4] in defining the WLR. First we consider uniform grids. Uniform grids are taken as (x j := j∆x , t n := n∆t) and let q n j be approximate values of q(x j , t n ) computed by a conservative method. We denote by q ∆ (x, t) the corresponding piecewise constant approximation,
where x j±1/2 := x j ± ∆x/2 and t n±1/2 := t n ± ∆t/2 . We construct a test function T n j (x, t) := B j (x)B n (t) , where B j (x) and B n (t) are centered at x = x j+1/2 and t = t n−1/2 with support of size 2∆x and 2∆t . That is,
and
This results in a cheap computation of the WLR
which can be expressed after a straightforward calculation as
This taking linear B-splines in constructing the test function adapts from the work of Constantin and Kurganov [2] on conservation laws.
Weak Local Residual in An Adaptive Method
In this section we implement the WLR as the refinement indicator in an adaptive finite volume method used to solve the one-dimensional SWE. We present some numerical results of the implementation. The WLR, also known as local truncation errors, as smoothness indicators for conservation laws were proposed by Kurganov et al. [5] . A conservation law is homogeneous, so its source term is zero.
In this article we extend the implementation of WLR as the refinement indicator for balance laws with a nonzero source term. In particular we consider the one-dimensional shallow water equations. These equations are
Here, x represents the coordinate in one-dimensional space, t represents the time variable, u = u(x, t) denotes the water velocity, h = h(x, t) denotes the water height, z = z(x) is the bed topography, and g is the acceleration due to gravity. We define stage w(x, t) as w = h + z.
Note that the WLR presented in Section 2 is defined for conservation laws. Therefore the best way to compute the WLR of the SWE is considering the mass equation (8) with the quantity q = h and flux f (q) = hu. The WLR based on the mass equation for the SWE is then
We do not consider the WLR based on the momentum equation (9) . That is because the computation would require well-balanced technique, as the source term is nonzero for the momentum equation (9) . The well-balanced technique for the computation of WLR is beyond the scope of this paper. Formulation (10) is defined at each vertex and for uniform grids. To define the CK indicator at the centroid of each cell, we choose one of two available indicators at its cell vertices having the largest magnitude and divide it by the local cell width. That is, the CK indicator at the centroid of the ith cell is
We denote by CK (Constantin-Kurganov) indicator the WLR (11) [8] . Formulation (11) can be used to compute the WLR at centroids of non-uniform cells, hence, adaptive grids. When the numerical method has a formal order r , the order of E
is O(1) near discontinuities and O ∆ min{3,r+1} in smooth regions [2] .
The order difference between discontinuous and smooth regions makes E h,n−1/2 i able to detect the smoothness of the numerical solution.
As a test case, we recall the problem with topography considered by Felcman and Kadrnka [3] . In this test, all quantities are measured in Systeme International (SI) units and we omit the writing of the units. We consider a channel of length 25 with topography 
The numerical settings are as follows. First order finite volume scheme [9] is used. The spatial domain is discretised into 100 cells initially. The tolerance of the CK indicator is CK tol = 0.05 max |CK| ,
where CK is defined as in (11). Cells with |CK| > CK tol are refined binary, that is, a "parent" cell is refined into two "children" cells with equal width. Cells with |CK| ≤ 0.1 CK tol are coarsened. Two neighbouring cells are coarsened as long as they are at the same level and have the same parent. The maximum level of binary refinement is 10 and the width of the coarsest cell allowed is 0.25 .
Our results of the test case are as follows. The initial condition is a river at rest with a parabolic bump at the bottom, as shown in grid were used, the shocks could not be sharply resolved. For comparison, this result at time t = 2.67 of the standard method is shown in Figure 3(b) . We separate these figures from t = 0 until t = 2.67 in order that we can clearly see the evolution of the flow together with its mesh adaptivity and its residuals.
The adaptive strategy presented in this paper can be used to solve the onedimensional SWE in general. The example on unsteady flow over a bump that we have discussed is a representative of one-dimensional shallow water flows.
Concluding Remarks
We have implemented weak local residuals as the refinement indicator in an adaptive finite volume method used to solve the shallow water equations in one dimension. The adaptivity is based on the magnitude of the residuals at each time step. Numerical results show that the coarsening and refinement can be done successfully using these weak local residuals. Possible future work is extending this technique to solve the shallow water equations in higher dimensions.
